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$C_{1},C_{2,\ldots,n}c$ $C_{0}$ Hilbert $H$
, $P_{i}:Harrow C$, $(i =1,2, \ldots, n)$
. $C_{0}$ ,
, , $H$. $r$
$\{g_{1}, g_{2}, \ldots, g_{r}\}:H-\mathrm{R}$ $f:H-\mathrm{R}$ ,
$f(X_{0})= \min nfx\in \mathrm{n}i=1C_{i}(x)=\alpha$






$x_{0}\in E$ . .
, $x_{0}\in E$ ? ,
, $\mathrm{C}\mathrm{r}\mathrm{o}\mathrm{m}\mathrm{b}\mathrm{e}\mathrm{Z}[2]$ Hilbert ,
$I$ convex combination
, , - [3]
[11] uniformly convex Banach .
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, nonexpansive $T$ iteration scheme , iter-
ation 2 , Mann iteration
$x_{0}=x\in H$ , $x_{n+1}=\alpha_{n}x_{n}+(1-\alpha_{n})TX_{n}$ $(n=0,1, \ldots)$
, Halpern iteration
$x_{0}=x\in H$, $x_{n+1}=\alpha_{n}x+(1-\alpha_{n})TX_{n}$ $(n=0,1, . , .)$
.






$’ C$ Banach $E$ convex , $T_{1},$ $T_{2},$ . $.$ ‘ $C$ $C$
, $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0\leq\alpha_{i}\leq 1(i=1,2, \ldots)$ .
, $n\in \mathrm{N}$ , $W_{n}:carrow C$ :
$U_{n,n+1}$ $=$ $I$ ,
$U_{n,n}$ $=$ $\alpha_{n}T_{n}U_{n,n}+1+(1-\alpha_{n})I$ ,
$U_{n,n-1}$ $=$ $\alpha n-1T_{n}-1Un,n+(1-\alpha_{n}-1)I$ ,
$U_{n,k}$ $=$ $\alpha_{k}T_{k}Un,k+1+(1-\alpha_{k})I$ ,
$U_{n,k-1}$ $=$ $\alpha_{k-1}T_{k-,\backslash }.1U_{n},k+(1-\alpha_{k}-1)I$,
:... $\cdot$ . . ’ $U_{n,2}^{\cdot}$ $:=$ $\alpha_{2}T_{2.3}U_{n},+(.1-\alpha_{2})I$ ,
$.\dot{W}_{n}^{\backslash }=:.\tilde{U}_{n,1}$
. $’=$ $\alpha_{1}\dot{T}_{1}U_{n,2}.+$. $(1-\alpha_{1})I(-$ .
$W_{n}$ $T_{n},$
$T_{n-}1,.\cdot,\cdot T_{1}:.\cdot$. $\alpha_{n},$ $\alpha_{n-1},$ . . $..’\alpha_{1}$
,




Lemma 2.1 $C$ strictly convex Banach $E$ closed con-
vex . $T_{1},$ $T_{2},$ $\ldots$ $C$ $C$ nonexpansive
i\infty$=1$ $F(T_{i})\neq\emptyset$ . $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0<\alpha_{i}\leq b<$
$1(i=1,2, \ldots)$ . $x\in C,$ $k\in \mathrm{N}$
, $\lim_{narrow\infty}U_{n,k}X$ .
Sketch of the proof. $x\in C,$ $w \in\bigcap_{n=1}\infty F(\tau_{n})$ $\dot{D}$ .
, $x\neq w$ . $k\in \mathrm{N}$ .
$n\in \mathrm{N}(n\geq k)$ ,
$||U_{n+1,k}x-U_{n,k}x|| \leq(=\prod_{ik}^{n}\alpha i)||U_{n+n}1,+1x-Un,n+1x||\leq 2b^{n-k+2}||x-w||$
$\epsilon>0$ , $n_{0}\in \mathrm{N}(n_{0}\geq k)$ $\mathrm{s}.\mathrm{t}$ .
$b^{n0^{-k}+2}< \frac{\epsilon(1-b)}{2||x-w||}$ .




$\{U_{n,k^{X}}\}$ Cauchy , $\lim_{narrow\infty}U_{n,k}X$ . $\blacksquare$
Lemma $U_{\infty,k}(k\in \mathrm{N}),W$ :
$U_{\infty,k^{X}}:= \lim_{arrow n\infty}U_{n},kx$ ,
$Wx:= \lim_{narrow\infty}W_{n^{X}}=\lim_{narrow\infty}U_{n,1}X$




Lemma 22 $C$ strictly convex Banach $E$ closed con-
vex . $T_{1},$ $T_{2},$ $\ldots$ $C$ $C$ nonexpansive
i\infty$=1$ $F(T_{i})\neq\emptyset$ . $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0<\alpha_{i}\leq b<$
$1(i=1,2, \ldots)$ . , $F(W)– \bigcap_{i=1}\infty F(\tau_{i})$ .
Sketch of the proof. $w \in\bigcap_{i=1}^{\infty}F(\tau i)$ . ,
$n,$ $k\in \mathrm{N}(n\geq k)$ $U_{n,k}w=w$ . , $k\in \mathrm{N}$





. $x\in F(W),$ $y \in\bigcap_{i=1}\infty F(\tau_{i})$ .
$||W_{n}x-W_{n}y||$
$\leq$ $(_{i=1}^{k-} \prod^{1}\alpha_{i)}||\alpha_{k}(\tau_{k}U_{n,k1}+x-^{\tau U_{n}}k,k+1y)+(1-\alpha k)(_{X}-y)||$
$+(1- \prod_{=i1}^{k-1}\alpha.i)||x-y||$




$\leq$ $( \prod_{i=1}^{k-}1\alpha i)||\alpha_{k}(\tau_{k}U_{\infty,k1^{X}}+-\tau kU\infty,k+1y)+(1-\alpha k)(x-y)||$
$+(1- \prod^{k-1}\alpha i)i=1||x-y||$
$\leq$ $(_{i=1} \prod^{k}\alpha i\mathrm{I}||T_{k}U_{\infty,k1^{X}}+-TkU\infty,k+1y||+(1-\prod_{i=1}^{k}\alpha i)||x-y||$
$\leq$ $||x-y||$ .
$||Wx-Wy||=||x-y||$ $i\in \mathrm{N}$ $0<\alpha_{i}<1$
, $k\in \mathrm{N}$ ,
$||\alpha_{k}(T_{k}U\infty,k+1x-T_{k}U_{\text{ }},k+1y)+(1-\alpha_{k})(x-y)||$
$=$ $||T_{k}U_{\infty},k+1x-\tau kU.\infty,k+1y||=||x-y||$ .







$U_{\infty,k+1}x$ $=$ $\alpha k+1\tau k+1U\infty,k+2x+(1-\alpha_{k+}1)x$
$=$ $\alpha_{k+1}X+(1-\alpha k+1)x$
$=$ $x$ .
, $k\in \mathrm{N}$ ,
$x=T_{k}U\infty,k+1X=T_{k}x$ .




Lemma 23 Main Theorem , Lemma 26
.
Lemma 2.3 $C$ Banach $E$ closed convex .
$T_{1},$ $T_{2},$
$\ldots$
$C$ $C$ nonexpansive i\infty$=1$ $F(T_{i})\neq\emptyset$
. $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0\leq\alpha_{i}\leq b<1(i=1,2, \ldots)$
. $n\in \mathrm{N}$ , $W_{n}$ $T_{n’ n-1,\ldots,1}TT$ $\alpha_{n\mathrm{z}}\alpha_{n}-1f\ldots,\alpha_{\mathrm{I}}$
$W$ -mapping . $\{\beta_{n}\}$ $0\underline{<}\beta_{n}\leq 1(n=1,2, \ldots)$
, $\Sigma_{n=1}^{\infty}|\beta_{n+1}-\beta_{n}|<\infty$ $\Sigma_{n=1}^{\infty},\beta_{n}=\infty$
. $\{x_{n}\}$
$x_{1}=x\in C$ $x_{n+1}=\beta n^{X}+(1-\beta_{n})Wnx_{n}$ $(n=1,2, .-.)$
. , $\lim_{narrow\infty}||x_{n+1^{-}}X_{n}||=0$
Sketch of the proof. $x\in C$ $f \in\bigcap_{n=1}\infty F(\tau_{n})$
. $D=\{z\in C|||f-Z||\leq||f-x||\}$ , $D$ $C$ closed
convex , $n\in \mathrm{N}$ $T_{n}D$ $\subset D$ .
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- , $C$ . $K= \sup_{z\in C}||z||$
, $n\in \mathrm{N}$ ,
$\downarrow|_{X_{n+n}}1^{-X}||$
$\leq$ $(1-\beta_{n})||x_{n}-x_{n}-1||+2K|\beta_{n}-\beta_{n-}1|+(1-\beta_{n})||W_{n}x_{n}-W_{n-}1xn||$
$\leq$ $(1- \beta n)||X_{n}-x_{n}-1||+2K|\beta_{n}-\beta_{n-1}|+2K(=\prod_{i1}^{n}\alpha i)$ .
, $m\in \mathrm{N}$ ,
$||x_{m+m+1}2^{-}x|| \leq 2K(1-\beta m+1)+2K|\beta m+1-\beta_{m}|+2K(m\prod_{i=1}^{1}\alpha_{i}\mathrm{I}+$
, ,
$|\mathrm{t}x_{m+3}-x_{m}+2||$ $\leq$ $2K \exp(-\sum_{=\iota m}^{m+1}\beta_{l1}+)+2K\sum_{ml=}^{m+1}|\beta_{l}+1-\beta\iota|$
$+2K \sum_{\iota=m}^{m+}1(_{i=1}^{\iota+}\square \alpha i\mathrm{I}1$ .







$2K \exp(-\sum^{m+}\beta_{\iota 1.)_{\backslash }}l=nm-1+\backslash \cdot+2K\sum_{\iota=}^{\dot{m}+}\backslash n-1m|\beta_{\iota}.\cdot+1-\beta\iota|$
$+2K \frac{b^{m}(1-b^{n})}{1-b}$ .-.. $\cdot$ .: . ...
’
. $\sum_{n=1}^{\infty}\beta_{n}=\infty$ , $m=1,2,$ $\ldots$
$\lim_{narrow}\sup_{\infty}|!X_{n+1^{-}}Xn||$ $=$ $\lim_{narrow}\sup_{\infty}||x_{m+n}+1^{-}xm+n||$
;






















Proposition Lemma Theorem ,
, [5], S. $\mathrm{R}\mathrm{e}\mathrm{i}\mathrm{c}\mathrm{h}[4]$ .
Proposition2.4( - ) $a$ , $(a_{1}, a_{2}, \ldots)$ Banach
limits $\mu$ $\mu_{n}(a_{n})\leq a$ , $\lim\sup_{narrow\infty}(a_{n+1^{-a)}}n\leq 0$
$l^{\infty}$ . , $\lim\sup_{narrow\infty}a_{n}\leq a$ .
Lemma 2.5 (S. Reich) $E$ uniformly G\^ateaux nonn
uniformly convex Banach , $C$ $E$ closed convex
. $T$ $C$ $C$ nonexpansive , $F(T)\neq\emptyset$
. , - onio sunny nonexpansive retrac-
tion $P:Carrow F(\tau)$ . , $x\in C$ $\text{ ^{}-}$ ,
$u_{k}= \frac{1}{k}x+(_{\backslash }1-\frac{1}{k})Tu_{k}$ $(k=1,2, \ldots)$
$\{u_{k}\}\subset\prime C$ , $\{u_{k}\}$ $Px\in F(T)$ .
Lemma 2.3 Lemma 26 .
Lemma 26 $E$ uniformly G\^ateaux nonn uniformly
convex Banach , $C$ $E$ closed convex .
$T_{1},$ $T_{2},$
$\ldots$
$C$ $C$ nonexpansive i\infty$=1$ $F(T_{i})\neq\emptyset$
. $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0<\alpha_{i}\leq b<1(i=1,2, \ldots)$
. $n\in \mathrm{N}$ , $W_{n}$ $\tau_{n},\tau_{n}-1,\ldots,\tau_{1}$ $\alpha_{n},\alpha_{n-1},\ldots,\alpha_{1}$
$W$ -mapping . $\{\beta_{n}\}$ $0\leq\beta_{n}.\leq 1(n=1,2, \ldots)$
, $\lim_{narrow\infty}\beta_{n}=0$ $\Sigma_{n=1}^{\infty}|\beta_{n+1}-\beta_{n}|<\infty,$ $\Sigma_{n=}^{\infty}1\beta_{n}=\infty$
. {x
$x_{1}=x\in C$ $x_{n+}1=\beta n^{X}+(1-\beta n)Wx_{n}n$ $(n=1,2, \ldots)$
. , $\lim\sup_{narrow\infty}\langle x-Px,$ $J(X_{n}$ -
$Px)\rangle\leq 0$ , . $P:C arrow F(W)=\bigcap_{n=1}\infty F(\tau_{n})$ –
onto sunny nonexpansive retraction $(W= \lim_{nn,1}arrow\infty^{U})$
. . $\cdot$
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Sketch of the proof. Lemma 23 , $C$
– . $k\in \mathrm{N}$ , $u_{k}$ $u_{k}= \frac{1}{k}x+(1-\frac{1}{k})Wuk$
$C$ – . Lemma 24 , $P:C-\cap n=1(\infty F\tau_{n})$
onto sunny nonexpansive retraction ,
$karrow\infty$ $\Rightarrow$ $u_{k} arrow Px\in F(\grave{W})=\bigcap_{1n=}^{\infty}F(\tau_{n})$ .









, $(1- \frac{1}{k})(x_{n}-Wu_{k})=(x_{n}-u_{k})-\frac{1}{k}(x_{n}-x)$ ,
$(1- \frac{1}{k})^{2}||x_{n}-Wu_{k}||2$ $\geq$ $(1- \frac{2}{k})||x_{n}-u_{k}||^{2}$
$+ \frac{2}{k}\langle x-u_{k}, J(xn-u_{k})\rangle$ .
,
$(1- \frac{1}{k}\mathrm{I}^{\mu_{n}}||x_{n}-2uk||^{2}$ $\geq$ $(1- \frac{2}{k})\mu_{n}||x_{n}-uk||^{2}$
$+ \frac{2}{k}\mu_{n}\langle_{X}-uk, J(x_{n}-u_{k})\rangle$
,
$\frac{1}{k^{2}}\mu_{n}||X_{n}-uk||2$ $\geq$ $\frac{2}{k}\mu_{n}\langle x-uk, J(Xn-u_{k})\rangle$
$\frac{1}{2k}\mu_{n}||xn-uk||^{2}$ $\geq$ $\mu_{n}\langle x-u_{k}, J(x_{nk}-u)\rangle$ .
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$k arrow\infty\Rightarrow u_{k}arrow Px\in F(W)=\bigcap_{i=1}^{\infty}F(\tau_{i})$ ,
$E$ norm uniformly G\^ateaux ,
$0\geq\mu_{n}\langle x-P_{X}, J(x_{n}-Px)\rangle$ .
, Lemma 2.3 ,
$\lim_{narrow\infty}|\langle_{X}-P_{X}, J(xn+1-P_{X})\rangle-\langle_{X}-Px, J(_{X_{n}}-P_{X})\rangle|=0$ .
, ProPosition 2.4






Theorem 3.1 ( - ) $E$ uniformly G\^ateaux norm
uniforn $ly$ convex Banach , $C$ $E$ closed con-
vex . $T_{1},$ $T_{2},$ $\ldots$ $C$ $C$ nonexpansive
i\infty$=1$ $F(T_{i})\neq\emptyset$ . ‘ $\alpha_{1},$ $\alpha_{2},$ $\ldots$ $0<\alpha_{i}\leq$
$b<1(i=1,2, \ldots)$ . $n\in \mathrm{N}$ , $W_{n}$
$\tau_{n},\tau_{n}-1_{f\mathrm{M}}$. $.T_{1}$ $\alpha_{n},\alpha_{n-1_{f}}\ldots,\alpha 1$ $\mathrm{W}$ -mapping .
$\{\beta_{n}\}$ $0\leq\beta_{n}\leq 1(n=1,2, \ldots)$ , $\lim_{narrow\infty}\beta_{n}=0$
$\Sigma_{n=1}^{\infty}|\beta_{n+1^{-}}\beta_{n}|<\infty,$ $\Sigma_{n=1}^{\infty}\beta n=\infty$ . $\{x_{n}\}$
$x_{1}=x\in C$ $x_{n+1}=\beta n^{X}+(1-\beta n)Wnx_{n}$ $(n=1,2, \ldots)$
. , $\{x_{n}\}$ $Px \in\bigcap_{n=1}\infty F(\tau_{n})$
. $P:C arrow F(W)=\bigcap_{n=1}\infty F(\tau_{n})$ – onto sunny
nonexpansive retraction $W=\mathrm{l}\mathrm{i}\mathrm{m}narrow\infty Un,1$)
Sketch of the proof. $Px \in\bigcap_{i=1}\infty F(\tau i)$ ,




$(1-\beta_{n})2||W_{n}xn-Px||^{2}\geq||x_{n+1}-P_{X}||2-2\beta n\langle x-PX, J(x_{n+}1-PX)\rangle$ .
, $n\in \mathrm{N}$ ,
$||x_{n+1}-PX||^{2}\leq(1-\beta_{n})||Wnx_{n}-PX||22+(1-(1-\beta_{n}))\langle X-Px, J(x_{n+}1-PX)\rangle$
Lemma 26 , $\epsilon>0$ , $m\in \mathrm{N}$ , $\mathrm{s}.\mathrm{t}$ .
$\langle$x–Px, $J(x_{n}-Px)\rangle$ $\leq\frac{\epsilon}{2}$ $(\forall n\geq m)$ .
,
$||x_{m+1}-PX||^{2}$ $\leq$ $(1-\beta_{m})||x_{m}-P_{X}||^{2}+(\cdot 1 - (1-\beta_{m}))\Xi$ .
,
$|\downarrow x_{m+}2^{-}Px||^{2}$ $.\leq$ $\{^{m+}\prod_{l=m}(1-\beta\iota)\}1||_{X_{m}}-PX|\}2+\{1-\prod_{m\iota=}^{1}(1-\beta_{\iota})\mathrm{I}m+$ a
. $,$
$\backslash .\cdot$
. $.‘$ . $\cdot\cdot\cdot\dot{.}$ . .:. . ! ‘ .: , $J$
, , $\cdot$ .
$||_{X_{\dot{m}+n}}..-\cdot$
.
$P_{X|}|^{2} \leq\backslash \{^{m+-}\prod_{l=m-}(1-\beta n1..\iota)\}||_{X_{m}}-P_{X}|-|^{2}+\{1-\prod^{+1}(1-\beta\iota m\iota=m)n-\}\in$
e . $\sum_{I=m}^{\infty}\beta_{l}=\infty$ l\infty$=m(l-\beta l)=0$ , ,
$\lim_{narrow}\sup_{\infty}||x_{n}-P_{X}|:|^{2}=\lim_{narrow}\sup_{\infty}||x_{m+n}-P_{X}||^{2}\leq\epsilon$.





$\bigcap_{i=1}^{\infty}F(,T\backslash \cdot i)$ v\supset -\mbox{\boldmath $\lambda$} $\text{ }.\cdot$ $\blacksquare$
Theorem 3.2
$\mathrm{T}\mathrm{h}\mathrm{e}\mathrm{o}\mathrm{r}\mathrm{e}\mathrm{m},3\backslash :.\cdot 1$ $\text{ }.\text{ }1$’ $:_{\dot{1}:}..-\text{ _{}i}\text{ _{ } }$
Theorem .
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Theorem 3.2 ( - ) $E$ uniformly G\^ateaux norm
uniformly convex Banach , $C$ $E$ closed con-
vex . $\{C_{n}\}$ $C$ nonexpansive retracts , $\bigcap_{n=1}^{\infty}C_{n}\neq\emptyset$
, $P_{k}(k\in \mathrm{N})$ $C$ $C_{k}$ onto nonex-
pansive retraction . $T_{1},$ $T_{2},$ . . . $C$ $C$ nonex-
pansive i\infty$=1$ $F(T_{i})\neq\emptyset$ . $\alpha_{1},$ $\alpha_{2},$ $\ldots$
$0<\alpha_{i}\leq b<1(i=1,2, \ldots)$ . $n\in \mathrm{N}$ , $W_{n}$
$P_{n},P_{n-1},\ldots,P_{1}$ $\alpha_{n},\alpha_{n-1},\ldots,\alpha_{1}$ $\mathrm{W}$ -mapping
. $\{\beta_{n}\}$ $0\leq\beta_{n}\leq 1(n=1,2, \ldots)$ , $\lim_{narrow\infty}\beta_{n}=0$
$\Sigma_{n=1}^{\infty}.\cdot|\beta_{n+1^{-}}\beta_{n}|<\infty.’\Sigma_{n=1}^{\infty}\beta_{n}=\infty$ . $\{x_{n}\}$
-
$x_{1}=x\in C$ $x_{n+1}=\beta_{n}x+(1-\beta_{n})Wnx_{n}$ $(n=1,2, \ldots)$
. , $\{x_{n}\}$ $Px \in\bigcap_{n=1n}^{\infty c}$
. $P:C arrow\bigcap_{n1}\infty \mathit{0}_{n}=$ – onto sunny nonexpansive
retraction $W=\mathrm{l}\mathrm{i}\mathrm{m}narrow\infty Un,1$ ) .
Proof. $u\in C$ , $Wu= \lim_{narrow}W\infty nu$ , If $Wu=$
$\lim_{narrow\infty}W_{n}u$ for every $u\in C$ , Lemma $\backslash 2.2$ $F(W)= \bigcap_{n=1}^{\infty}F(P_{n})=$
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